Abstract: A CNF formula F is linear if any distinct clauses in F contain at most one common variable. A CNF formula F is exact linear if any distinct clauses in F contain exactly one common variable. All exact linear formulas are satisfiable [1] , and for the class LCNF of linear formulas, the decision problem LSAT remains NP-complete. 
Introduction
A literal is a propositional variable or a negated propositional variable. A clause C is a disjunction of literals, [4, 5] . So, we denote MU(k) as the set of minimal unsatisfiable formulas with deficiency k≥1. Whether or not a formula belongs to MU(k) can be decided in polynomial time [6] .
C=(L

d(F). A formula F is minimal unsatisfiable (MU) if F is unsatisfiable and F−{C} is satisfiable for any clause C∈F. It is well known that F is not minimal unsatisfiable if d(F)≤0
A CNF formula F is linear if any two distinct clauses in F contain at most one common variable. A CNF formula F is exact linear if any two distinct clauses in F contain exactly one common variable. We define
k-CNF:={F∈CNF|(∀C∈F)(|C|=k)}, LCNF:={F∈CNF|F is linear}, XLCNF:={F∈CNF|F is exact linear}, LCNF ≥k := {F∈LCNF|(∀C∈F)(|C|=k)} and k-LCNF:={F∈CNF|(∀C∈F)(|C|=k)}.
The decision problems of satisfiability are denoted as k-SAT, LSAT, XLSAT and k-LSAT for restricted instances to the corresponding to the above subclasses, respectively.
It is shown that every exact linear formulas is satisfiable [1] , but LSAT remains NP-completeness [1−3] . For the subclasses LCNF ≥k , LSAT ≥k remains NP-completeness if there exists an unsatisfiable formula in LCNF ≥k [1−3] .
Therefore, the NP-completeness of LSAT ≥k for k≥3 is the question whether there exists an unsatisfiable formula in LCNF ≥k . We are interested in some NP-complete problems for linear formulas, and get some simplified NP-complete problem by constructing unsatisfiable linear formulas. It is helpful to analyze complexity of resolutions, and to find some effective algorithm for satisfiability.
In Refs. [1, 3] , by the constructions of hypergraphs and latin squares, the unsatisfiable formulas in LCNF ≥3 and LCNF ≥4 are constructed, respectively. But, the method is too complex and has no generalization. In Ref. [3] , it leaves the open question whether for each k≥5 there is an unsatisfiable formula in LCNF ≥k .
It is well known that 3-SAT is NP-complete. In the transformation from a CNF formula to a 3-CNF formula, we Based on this observation and the characterization of minimal unsatisfiable formulas, we introduce a generalize
method in Lemma 1 and Lemma 2, which we can transform a CNF formula into a required CNF formula by constructing proper minimal unsatisfiable formulas. We have applied this method to reduction for formulas. In
Ref. [7] , we present an algorithm to solve an open problem in Ref. [8] , which for fixed k and t (3≤t<k), one can transform a k-CNF formula F to a t-CNF formula F′ in linear time on the size of F with the same satisfiability. For some simplified NP-complete problems restricted instances to the subclass (k,s)-CNF the method is also used [9, 10] , 
Conversely, for any truth assignment ν 0 satisfying C, ν 0 can be extended into a truth assignment ν satisfying
Let ν be a truth assignment satisfying
Conversely, suppose that C is satisfied by a truth assignment
Since H is minimal unsatisfiable, we have H−{f 1 } is satisfiable, thus there exists a truth assignment ν 1 such that ν 1 (H−{f 1 })=1. Note that var(C)∩var(H)=φ, we can join into a truth assignment ν from ν 0 and ν 1 , which for x∈var(C)∪var(H), ν(x)=ν 0 (x) for x∈var(C), and ν(x)=ν 1 (x) for x∈var(H). It is clear that ν is a truth assignment satisfying
Based on the method in Lemma 1 for a clause, we have the following Lemma 2. It presents a method constructing the required formulas.
Lemma 2.
Let F=C 1 ∧…∧C n be a formula with |C i |≥2 for 1≤i≤n. Suppose that for each 1≤i≤n, F i is a partition formula of C i and #cl(F i )=m i ≥2. Let H 1 ,…,H n be MU formulas satisfying the following conditions:
We define 
We now introduce the following four MU formulas.
(
We take a formula The above MU formulas are useful in constructions of the required formulas in this paper.
Construction of Linear Minimal Unsatisfiable Formulas
In this section, we introduce a subclass of CNF, called linear CNF formulas, and present a general constructing method of linear MU formulas.
Definition 1.
(1) A formula F∈CNF is called linear if 
and define a block formula: , where , and the the formula: . For each 2≤k≤m, since τ 0 (C k )=1, there is a literal
By the minimal satisfyability of G k , we have that is satisfiable. Therefore, we have a truth assignment τ 
Case 2: f and g are in the different block formulas. There exist some k and k′ (1≤k≠k′≤m) such that ( )
. By constructions of block formulas, we have (
In Lemma 3, we present a method constructing MU formulas k-LCNF for k≥3 by S n and B n (n≥6).
We consider firstly the construction of formulas for the case of k=3.
We take MU formulas S 6 and B 6 with var(S 6 )∩var(B 6 )=φ in Section 2. Note that B 6 is a linear MU formula, and |C|=6 for each C∈S 6 , and |C|=2 for each C∈B 6 .
For each clause 6 1 1 6 ,...,
we take the simple partition formula ... x x ε ε ∧ ∧ of 1 6 ,..., X ε ε , and take a copy of B 6 , denoted by 1 6 ,..., 6 B ε ε , and define a formula . We now define the following formula Note that #cl(SL 3 )=6⋅2 6 , and |C|=3 for each C∈SL 3 .
We define inductively a counting functions of clauses cl(k) for k≥3: cl(3)=6⋅2 6 and
For the case of k≥3, suppose that the linear formula SL k has been constructed such that SL k is a linear MU formula, and the length of each clause in SL k equals to k.
By Lemma 3, we define inductively the following linear MU formula
(a) is the simple partition formula of clause
(b) is a copy SL 
NP-Completeness of SAT for Linear Formulas
In this section, we consider complexities of decision problems of satisfiability for restricted instances in LCNF and LCNF ≥k (k≥3), respectively.
Let F be a formula, we denote pos(x,F) (resp. neg(x,F)) as the number of positive (resp. negative) occurrence of variable x in F, and write occs (x,F)=pos(x,F)+neg(x,F) . Sometimes, we denote F rest as a subformula of F, which consists of rest clauses of F.
For a formula F=[C 1 ,…,C m ], the following facts are clear: pos(x,F)>0 and neg(x,F)=0 (or, pos(x,F)=0 and neg(x,F)>0 ) for some x∈var(F), then the resulting formula F′ by deleting clauses, in which x occurs, has the same satisfiability with F. such that pos(x,F)=neg(x,F)=1 and pos(y,F)=neg(y,F) =1, then the formula
same satisfiability with F, where z is a new variable.
From now on, for the sake of description, we assume that the formulas satisfy the following conditions: (for a formula 
